Abstract-The effects of target motion on the distortion of radar signals are investigated using five transformations, namely, Hsu, Lorentz, Galilean, Reference, and Classical transformation equations. Hsu transformation is used as a primary transformation since it expresses the temporal and spatial transformations between an inertial reference frame and accelerating frame where the origin of the accelerating frame has an initial velocity and acceleration with respect to the inertial frame. Additionally, as the acceleration approach zero and infinity, respectively, the Lorentz and Galilean transformations are obtained. These transformations are used to express the transmitted waveforms in the radar reference frame variables to that of the target reference frame variables, and the reflected waveform from the target in its reference frame variable to that of the radar reference frame variables, leading to the distorted waveform received at the radar receiver due to the motion of the target.
I. INTRODUCTION
The method (Classical) widely used today to predict the distortion due to the constant velocity and acceleration is described in [1] .
In [1] the author assumes that the return signal as seen by the radar receiver is of the form The Classical method does not account for any relativistic effects i.e. assignment of frames of reference for the nonmoving radar transmitter and the moving target and does not establish transformation equations relating the temporal and spatial variable for each frame. Thus the expression for the returned signal does not impose any limitations on target velocity and acceleration. It also does not account for time-variant velocities and accelerations.
The Classical results have been used in [2] to show the hyperbolic frequency modulated waveform is acceleration-invariant, [3] to estimate the acceleration parameter for linear-period modulated waveform , [4] to obtain optimum frequency modulation for estimating the range, range rate and range acceleration of a moving target, and [5] to produce highly linear FM pulse radar signals.
Reference [6] addresses the distortion of the received waveform for targets having a constant velocity. All special relativity effects are included by using the Poincare transformation which includes the Lorentz transformation as a special case. References [7] [8] [9] [10] [11] [12] [13] also discuss transformations for temporal and spatial variables but consider only acceleration as a parameter in these transformations.
This paper describes a mathematical procedure to predict the distortion on a radar received waveform due to the motion of a target described by constant velocity and acceleration parameters. This method is based on the following assumptions. The first is that at the radar and target we have observers having a Cartesian reference frame and measuring rods that measure the spatial dimensions and a clock that measures the temporal dimension. The second assumption involves equations that relate the temporal T and spatial variables of the observer at the radar to that of the observer located at the target and its inverse that relates the temporal and spatial variables of the observer at the target to the temporal and spatial of the observer located at the target. To this end, we consider only one spatial variable x and the temporal variable t. The general case (the three spatial variables and the single temporal variable) leads to very large mathematically intractable equations and advance nothing in determining the basic major effects of the distortion due to the target motion.
To proceed, we need a transformation relating the spatial and temporal variables that have both the velocity and acceleration of the target as parameters. References [14] [15] [16] [17] [18] [19] address the issue of determining transformation of the temporal and spatial parameters as a function of velocity and accelerations. Closed forms for the transformation and its inverse are obtained. There are multiple closed forms of the transformation and its inverse based on the metric used in the frame of the acceleration observe located on the target. For this paper, we use the transformation described in [16] and call it the Hsu transformation. We use this transformation because as the acceleration approaches zero, the transformation equation turn into the Lorentz transformation equations, and as the propagation speed of the transmitted waveform approaches infinity, the transformation turns into the Galilean transformation. By a scaler transformation w = ct the Hsu transformation equations can be expressed in terms of acceleration and velocity as measured by the temporal variable t. Additionally, close form equations are provided in [16] .
In section II we show that given any transformation of the temporal and spatial variables and its inverse (in closed form) and any radar transmitted waveform prorogated in spatial dimension x, the distortion of the received waveform due to the target motion defined by constant velocity and acceleration can be found in closed form. Section III defines the Hsu transformation and its inverse and demonstrates how the Lorentz and Galilean transforms are obtained from it. Also defined is the Classical transformation and the Reference transformation. Section IV Defines the transmitted waveforms used as examples in the paper. Section V shows the closed form solution of each of the received waveforms assuming the Hsu, Lorentz, Galilean, Reference, and Classical transformation equations. Section VI shows numerical examples of the distortion of the target motion using the results from section V.
II. APPLICATION OF GENERAL TRANSFORMATION EQUATIONS TO DETERMINE DISTORTION DUE TO TARGET MOTION
This section discusses mathematical operations to derive various equations. The physical meanings of these equations, variables, and parameters are discussed only when these are applied to the problem of obtaining the distortion of radar signals caused by the motion of the target. In this analysis only the evolution variable w and one spatial variable x will be used. This is done for the following reasons. The first is that it simplifies the expressions. The second is the algebra produces very large and complex expressions even for a single spatial variable. The third is computation time is very long even for a single spatial variable. Due to the above Mathematica 10.4 [20] is used for all calculations and symbolic operations in this paper.
The equations derived here will be a function of two set of variables x' and w' and x and w, three constants 1 2 3 , , c c c and a function ( ) 1 2 3 4 , , r c c c c = that is a constant since it's a function of only 1 2 3 , , c c c . The following quote from [14] defines the variable x and w, "As usual, we describe and "event" using the four coordinates ( ) , , , F w x y z respectively. The variables w and w' are the evolution variables of a physical system (time) measured in units of length. We use the letter w to distinguish it from t, which is taken to be the evolution variable expressed using the convention unit second and also refer to w and w' as the "Taiji time.". In special relativity, the quantities w and t are related by ( ) 299792458 m/s w t = in every inertial frame. However, in Taiji relativity, since the unit of second does not exist, the variable t is not defined."
It is assumed that we have two Cartesian reference frames F' whose axes are labeled x', w' and F whose axes are labeled x, w. It is also assumed that we have a relationship between the primed and unprimed coordinates 
Where ref c is a set of constant parameters that are used in the definition of (3).
Equation (3) is propagated in the positive x' direction with a prorogation constant p c ( )
The prorogated waveform (4) can be expressed in terms of the w and t variables as ( ) 
Equation (5) is the propagated function as seen by an observer located in the F frame.
Substituting the value of 4 c for x in (5) Eqn. (6) is now converted into a traveling wave function by propagating it in the negative x direction with the same propagation
Where i c is as defined under (6).
Eqn. (7) 
Eqn. (8) is the prorogated waveform from the value of 4 x c = as seen by the observer located in the ' F frame, and when evaluated at x' = 0 is given as:
Eqn. (9) is the prorogated waveform at x' = 0 for the observer located in the F' frame.
III. DEFINITIONS OF THE TRANSFORMATION EQUATIONS
We evaluate (9) using five transformation equations, Hsu, Lorentz, Galilean, Reference, and Classical.
In the real world we do not make measurements of the evolution variable w and w'. We use clocks to make measurements of the evolution variables. To this end, we let w = ct and w'=ct', where 
= the velocity in the x' and w' measurement frame. Note that the second derivative of β is:
Thus, the acceleration as measured by the evolution variable w' and the acceleration as measured by the evolution variable t' is scaled by the constant 
Where, ( )
The inverse of (10a, b) to obtain t and x in terms t ' and x ' is:
cF F x cF t x c F t cF F x t F x c F c
Where the numerator (Num) and the denominator (Den) are:
( )
Den cF x c F c
Although, the inverse was obtained using Mathematica, we believe it is the same inverse as shown in [16] . Further, as the acceleration approaches zero we obtain the inverse Lorentz transformations while the inverse in [16] does not. 
And (11 a, b) become:
Which are the Lorentz transformations.
If we assume the principle of simultaneity i.e. that speed of the prorogation c → ∞ then (10) and (11) reduce to the Galilean transformation. 
The reference transformation is:
The classical transformation in [1] is obtained by scaling t by the factor
in the prorogated waveform to obtain the waveform received by the radar.
IV. RADAR WAVEFORMS DEFINED
We analysis the distortion effects of constant velocity and acceleration for five reference waveforms that are transmitted by the radar at the carrier frequency c f with a pulse width of pw.
The first is the pulsed sinewave
The second is the chirp waveform
The third is the hyperbolic waveform ( )
The fourth is the thirteen bit barker code 
The fifth is a carrier AM modulated by a sequence of 13 pulses whose amplitudes are generated by selections from a normal Gaussian random variable 
V. WAVEFORMS EXPRESSIONS AS SEEN BY THE RADAR
The expressions for each of the waveforms seen by the radar receiver are very large. The expression for the received chirp waveform converted to a pdf format would be approximately twenty pages long. The time to calculated 3000 samples of the received chirp waveform using Mathematica 10.4 on a standard laptop is in the order of minutes. So something is needed to increase the speed of computation and to display the expressions in a compact form for the various transformations acting on the five transmitted waveforms. Each transformed waveform was looked at for repeated expressions involving the various constants. These expressions can be defined in the each waveform case to simplify the expression and by pre calculating them before calculating the expression the calculations can be made faster. Using the selected expressions results can be displayed in a more compact manner and calculation speed increased 10 to 20 fold.
The expressions needed to reduce the received waveforms when subjected to the Hsu transformation are: 
The expressions needed to reduce the received waveform subjected to the Lorentz transformation are (note we do not need expressions involving t): intxv  1  2  2  2  2  0  0   2  2  2  1  intx  3  4  0  2  2  0   2  2  2  5  1 0  6  1  7  1   2  8  8  1  9  7 ; ;
We need to define other transformation equations in order to further simplify the displayed expressions for the received waveform for each reference under the Hsu and Lorentz transformations. These transformation equations were not used in any of the numerical calculations.
For the Wu transformation we need the following ( ) 
Appendices A-D show the expressions for the received waveforms under the various transformations used in this paper. Numerical Analysis A. General  Figures 1-5 show the velocity-and acceleration-dependent distortion effects on the received waveforms for various transformations. Each figure has a reference transformation which is the identity transformation of the spatial and temporal variables. This reference is used to compare the effects of the velocity and accelerations of the target for each transformation, namely, Hsu, Lorentz, Galilean, and Classical. As mentioned previously, the Classical transformation is used extensively to predict the effects of target motion on the received waveform. Therefore, Classical transformation is also included in each figure to compare and contrast with the results pertaining to the other transformations.
Five waveforms were selected for graphical analysis. They are pulsed sinewave, chirp pulse, hyperbolic chirp pulse, 13 bit barker code pulse, and 13 bit random amplitude pulse. In order to compare the distortion effects across waveforms the following parameters were used for each waveform. In order to compare the chirp and hyperbolic waveforms, we adjusted the slope and b values so that the start and stop frequencies were the same for each waveform. To compare the 13 bit barker coded waveform with the random amplitude sub pulses we used 13 sub pulses.
In all cases, if the amplitude and spectrum are compared to the reference's amplitude and spectrum no effects of the targets motion can be observed. In order to observe the effects of the target motion the output of the matched filter created by correlating the radar observed signal for the Hsu, Lorentz, Galilean, and Classical transformations with that of the observed signal for the reference waveform is used. For the pulsed sinewave the matched filter used is the spectrum of the received signal.
B. PULSED SINEWAVE ANALYSIS
In Figure 1 , we see the expected basic results under no acceleration. The matched filter output is merely shifted in frequency with respect to the reference. The shift in frequency for the Hsu, Lorentz, and Galilean transformations are the same and are greater than that for the Classical case. The effects of the acceleration are as expected i.e. a broadening of the spectrum with the broadening being equal between Hsu and Galilean transformations, and greater than the Classical case. Lorentz transformation does not show the effects of acceleration. 
C. CHIRP ANALYSIS
The specific parameters used for the chirp analysis are: Chirp start frequency: and a time-bandwidth product = 15000. In Figure 2 , we observe under zero acceleration that the matched-filter output is not only shifted in time, it is distorted as well. The distortion is more pronounced for Hsu, Lorentz, and Galilean transformations than the Classical case. When acceleration is introduced, a broadening effect is observed for all transformations except Lorentz which is invariant to the acceleration. 
A. HYPERBOLIC ANALYSIS
The specific parameters used in the hyperbolic analysis are: start and stop frequency of 8 
10
× , and The hyperbolic waveform does not show that acceleration has no effect on the received waveform as predicated by [2] . This reference assumes that the signal is a baseband but our waveform has a carrier frequency. It is this difference that causes the distortion of the received waveform when acceleration is considered. The remarkable result is that when compared to the chirp waveform having the same spectrum and time bandwidth product, the velocity produces no distortion and only creates a time shift in the matched filter output when compared to the reference waveform's compressed output. Lorentz transformation is acceleration-invariant. 
B. BARKER CODE ANALYSIS
The 13 bit barker code sequence is used for this simulation. In Figure 4 , we observe that the output of the matched filter shows no compression effects at all even under zero acceleration condition. Thus, Barker coded waveforms are very sensitive to velocity as well as to the acceleration.
C. GAUSSIAN ANALYSIS
For this case, a 13 bit random sequence drawn from a standard Gaussian probability density function is used to generate 13 sub pulses. Again we observe in Figure 5 that even with zero acceleration the output of the matched filter shows no compression effects at all. It is shown in this paper that the distortion effects due to target velocity and acceleration on the received waveform are in general agreement with the standard Classical transformation. Thus, the Classical transformation is a good indicator of the general effects of target motion on the distortion of the received waveform for all five waveforms considered in this paper. The Hsu transformation, however, predicated larger distortions with targets having acceleration components. Of all the waveforms considered, the pulse hyperbolic waveform had less distortion effects due to target motion. The pulsed Barker coded and Gaussian amplitude waveforms were not effective at all when the target had motion.
We also considered the distortion effects when the velocity and acceleration were kept constant and the time bandwidth of the waveform was varied, showing that as the time bandwidth of the signal increased so did the distortion, for all waveform considered. We also considered different velocity and acceleration scenarios while keeping the time-bandwidth product constant. These analysis indicate that as the velocity and acceleration decreased the distortion effects approached the effects predicated by the Classical transformation, and, in addition, as both the velocity and acceleration approached zero the distortion approached that of the reference transformation. These results held for all waveforms considered. These analysis are however are not shown in this paper due to length constraints.
Appendices Appendix A: Pulsed Sin Wave
The expression for the pulsed sinewave that is seen by the radar receiver using the Hsu transformation is :   2  2  2  19  18  0  recSINW  17  18  xintav  0  0  0   2  2  2  2  2  2  19  18  0  19  18  0  17  18  xintav  17  18  xintav  0  0  0  0  0  0   1  exp 2   1 1
The expression of the pulsed sinewave as seen by the radar receiver via the Lorentz transformation is: 
The expression for the pulsed sinewave as seen by the radar receiver via the Galilean transformation is:
( ) 
The expression for the pulsed sinewave as seen by the radar receiver via the Classical transformation is:
The expression for the chirp waveform that is seen by the radar receiver using the Lorentz transformation is: 
